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Abstract. 

The branching rules between simple Lie algebras and its regular (maximal) simple subal- 
gebras are studied. Two types of recursion relations for anomalous relative multiplicities are 
obtained. One of them is proved to be the factorized version of the other. The factorization 
property is based on the existence of the set of weights F specific for each injection. The 
structure of T is easily deduced from the correspondence between the root systems of algebra 
and subalgebra. The recursion relations thus obtained give rise to simple and effective algo- 
rithm for branching rules. The details are exposed by performing the explicit decomposition 
procedure for ^3 © injection. 
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1 Introduction 



1.1 

In elementary particle physics and especially in model building it is quite important to have 
effective branching rules for Lie algebras representations. There are several simple methods 
of decomposition appropriate for different types of injections, for example, the Gelfand-Zetlin 
method for An-i An,Bn~i — > Bn and Dn-i Dn lH, • In the general case the most 
advanced investigation was performed by R.V.Moody, J. Patera, R.T.Sharp and F.Gingras in 
a series of works ^, ^. Their approach is based on the properties of Weyl orbits in weight 
diagrams and the generating function technique 0. 

In this paper we want to demonstrate that recursion relations for multiplicities of subrep- 
resentations can also be successfully used in the decomposition procedure. We restrict the 
exposition to regular maximal injections of reductive subalgebras (composed of semisimple 
ones and diagonalizable Abelian algebras), though it is possible to treat analagously special 
injections and also nonmaximal ones. For a simple algebra g and its regular maximal reduc- 
tive subalgebra g the problem is to evaluate the coefficients in the decomposition of an 
irreducible representation L^{g) (A is its highest weight) 

L\g)^g = ®,n,L^\g). (1) 

For any weight u of the total multiplicity rriu can be presented as the sum 

= ml + rty (2) 

where m'^, is the multiplicity induced by the subrepresentation Q)^>i,n^L'^{g) contained in 
(|I|). The second term n,^ in (§) is called the relative multiplicity of the weight u. When u is 
from the dominant Weyl chamber its relative multiplicity coinsides with the corresponding 
coefficient in the decomposition (|lD. The recursion relations for relative multiplicities for 
the injection A3 © m(1) — > D4 were studied in [0]. It was shown that the considerable set 
of multiplicities for intermediate weights mutually cancel and the final recursion formula is 
suitable for calculations. As will be demonstrated below the general recursion relation for 
regular injections can be naturally formulated in terms of anomalous relative multiplicities 
flu- To define them consider the highest weights 

M = {/i I ^ 0} 

for the decomposition (|I]). For the subalgebra g let V be the Weyl group and p - the half-sum 
of positive roots. The anomalous relative multiplicity n^{g,g, A, u) is the function 

~. ~ , X ~ j det{v)nf, for {fie M\v{fi + p)-p = u} 
n{g,g,X,iy) =n^= < (3) 
[ elsewhere 
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defined on the weight space of g. As will be demonstrated the general recursion relation for 
regular injections can be naturally formulated in terms of anomalous relative multiplicities 

The paper is organized as follows. The general formalism is presented in section 2. 
The obtained recursion relations are based on the properties of the elementary "fan" F 
- the special set of weights defined by the injection g ^ g. The structure of F's and 
their basic properties are studied in details. To demonstrate explicitly the role of F in 
recursion procedure we use the very simple example - the injection Ai © u{l) —>■ B2. In the 
appendix the applications of the recursion formulas are shown in full details for the injection 
A3 ©m(1) ^ 54. 

1.2 Notations 

(7 - the simple Lie algebra; 

g - the reductive regular subalgebra of g; 

A, A - the corresponding sets of positive roots, note that A is the system of positive 
roots of the semisimple subalgebra in g; 
S, S - the sets of basic roots; 

p, p - the half-sums of positive roots for g and g respectively; 
W,V - the Weyl groups for A and A; 

e{w), e(f ) - the determinants of the Weyl reflections w and v; 
C, C - the Weyl chambers dominant with respect to S and S; 
C, C - the closures of the corresponding Weyl chambers; 
Pg, Pg - the weight lattices for g and g; 

S, S - the formal algebras associated to the weight lattices, S and S are generated by 
the elements e^, where (3 is the fundamental weight, and the composition ■ e"^ = e^~^'^; 
ch - the formal character of the representation L^; 

v]/-*'^ vl/M - the elements of formal algebras associated to the sets of anomalous weights for 
representations L^, L^^■. 

= ^ e{w)e'"'^^+p'>'P, (4) 
wew 

^ = J2 e{v)e''^''+P^-P\ (5) 
For roots and weights of simple Lie algebras we use the standard e-basis 0. 

2 Recursion Relations for Regular Injections 
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2.1 



The initial decomposition (|I|) can be rewritten in terms of formal characters [ TL \ 

chL^ = Y,n^,chL^'. (6) 

Applying the Weyl formula fl^ 

and taking into account the injection A one gets the relation between the anomalous 
elements \E'^ and 

{Y[~Al-e-^))-'^>^ = Y.n,^^. (8) 

Using the basis {e^}e_ePg of algebra £ one can expand both sides of the relation (||). In the 
left-hand side of the expansion of the first factor 

iY\^^~^{l-e-))-' = Y.Kg^,(iy'' (9) 

gives rise to the so-called Kostant-Heckman partition function 0. The expression @ toge- 
ther with the formulas and gives the desired expansion of Now consider only the 
weights /i from the dominant Weyl chamber C, that is the anomalous weights with v = e. 
Comparing the coefficients one gets the expression for the relative multiplicity in terms 
of partition function Kg g-. 

n, = Y: e{w)Kg ^ g{w{X + p) - [p + p)). (10) 
w 

Note that the relation @ is valid on the whole weight lattice Pg. Thus one can rewrite it in 
the form: 

T.^,^' = T.^,I1 <v)e^^^+~P^'P = Y^n^e^. (11) 

Since all the weights {v{p+p)—p} are different the coefficients here are just the anomalous 
relative multiplicities (see (|^)). The relation (0) together with (^ and (^ shows that the 
expression (|l^) is true in all points of Pg when n is changed by n: 

n^ = Y. <^)Kg c g{w{\ + p) - (p + 0)- (12) 
w 

We would use this formula to construct the recursion relation for n^. First consider the 
expression (0) for A = 0. In this case can be written explicitly as the multiplicity of 
anomalous weight diagram for the trivial subrepresentation L^: 

^ = E vo-p = E <^)^g (Zg{wp-{p + 0). (13) 

V w 
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One can extract the trivial term (with w = e) and obtain the recursion relation for the 
partition function Kg ^ g 

Kg d giO = - Y. Kg gii + - 1)P) + E <^)k,P-vp- (14) 

W\e V 



Returning to the expression ([12D one easily comes to the conclusion that the relation ([T 
induces the recursion relation for anomalous relative multiplicities 

^ = - E <w)n^+(i_^)P + E e(^)e(^)<^5+(i_.)p, »(A+p)-p- (15) 
w\e wy 

This relation can be used in the explicit calculations of multiplicities nl, and and in 
some cases it is effective. But the necessity to estimate at each step the full set of probe 
weights + (1 — w)p} can make the whole process quite cumbersome. Consider once 
more the formula (P). The previous derivation was based on the properties of the operator 
(n^^^(l — e"""))"-*^. Now we shall use its inverse and taking into account (|TT|) rewrite the 
relation (H) in the following form 

= ^ t{w)e'^^^+''^-P = n^^^(l - e-") ■ E^e«- (16) 



The first factor in (|T6|) defines the finite set of weights r{g G g) whose structure depends 
only on the injection g G g, 

"avA^^ - = 1 - E sign(7)e-^ (17) 



In these terms the formula ([T^) leads to the following recursion relation 



nu = J2 sign(7)'^i^+7 + E (^i^)^'^, «'{a+p)-p- (18) 
Its efficiency mainly depends on the possibility to construct explicitly the set r{g Gg). 

2.2 

To reveal the structure of F let us use the denominator identity [0], 

n„eA(l-e-") = v^° (19) 

to transform the expression 

n X (1 - e-") = 1 - E sign(7)e-'^ = ( 11 (1 " e""))'' ' (20) 
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The anomalous element \Ef° is Ty-invariant and can be factorized with respect to C W, 

^° = E E ■ a;)e("-"-^)''. (21) 

Here X is the factorspace W/V. This allows to present F as the set of weight diagrams of 
representations L: 

1-^ sign(7)e-^ = J2 n E e(t;)e(""''-^+(^-^» = eP'" J2 <^)ch L^'^'P^ 

(22) 

The element \E'° multiplied by (HaGAll — e^"))^^ gives the weight of the trivial represen- 
tation LP of (?, while the same multiplied by (nQ,6A(-'^ ~ e~"))~^ generates the assembly 
S(^ C g) of weight diagrams for representations of g. To construct S(^ C (?) one can use the 
auxiliary set VL{g d g) 

Q = {0, ail, Oil + «j25 . . . ,an + . . . + | cti, G A \ A,m = card(A \ A)}. 

Fix the subset Q' of dominant weights 

n' = {iu en\Lu eC}. 

Equip every u E Q with the sign 6{uj) = 6{ai-^ + ... + a,^) = (—1)'^+^. Reduce Q' to 
fl'j. cancelling every pair of weights in Q' that has opposite signs. The subset of maximal 
weights in Q'^ is just the desired assembly of representations E{g C g) presented by their 
highest weights. Obviously each ^ E E{g G g) has the form ^ = xp — p and it is easily seen 
that 5(0 = e(x). 

Let be the weight diagram of the irrep with the highest weight ^ E Sijj G g) . Due 
to the relation (^) the set r{g G g) is obtained as the union of diagrams $^ 

r = ( U <^'^)\{o}. (23) 

ieB{gcg) 

Thus to find F(^ C g) it is sufficient to construct H(^ C g). As we have seen the latter 
depends only on the structure of the factorspace W/V and the weights p and p. 

Now we shall illustrate the situation treating different types of regular maximal injections. 
Forthe injection An-i(Bu{l) —>■ the dimension of W^/l^ gives card(S) = {n+l)\/n\ = n+1. 
In the cases v4„_i © u{l) Bn, Cn, Dn the number of weights in S is proportional to powers 
of "2": 

f 2" for © u{l) B„, 
card(H) = J 2" for © m(1) ^ C„, 
[ 2"-i for A„„i©m(1) ^Z}„. 
The elementary analysis of the orbits of the Weyl group V on the space of faithful 
representation of W generated by the weight p leads to the following results. 
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Lemma 1 Put ckq = (0, . . . , 0) and let {ai, . . . , as} be the ordered sequences of roots: 

{si - Bn+l, 62 - e„+i, . . . , en - Cn+l} for Aa„ \ ^A^-i: 

{ei + 62, ei + 63, . . . , ei + e„, ci, 
ei - 62, ei - 63, . . . , ei - 6„} /or Ab„ \ Ab^_, , 

{6i + 62, 6i + 63, . . . , 6i + Cn, 26i, 

61 - 62, 61 - 63, . . . , 61 - 6„} /or Ac„ \ Ac„_i , 

{61 + 62,61 + 63, ... ,61 + 6„, 

ei - 62, 61 - 63, . . . , 61 - 6„} /or A^,^ \ Ad„_:,; 
then the set 5 for An-i ® —>■ An contains the weights 

k 

Cfc = X)"i; /c = 0, ...,n 
u;/ii/e for Bn-i ® — > Bn and C„_i © rt(l) — > C„ 



Cfc = Z!'^i; /c^O, ...,2n-l 
i=o 



and for Dn-i © — >■ Dn 



Cl = (Pl,P2,---,Pn) = < 



efc = E"i; A; = 0,...,2n-2 

= (^- 1,1,- ■■, 1,-1)- 

Lemma 2 /n the sets 5(A„_i © ^ Bn,Cn, Dn) the zeroth weight is trivial 

eo = (0,...,0); 

the first weight has the form 

' (1,0,0,...,0) for An-^®u{l)^Bn, 
(2, 0, 0, . . . , 0) for An-i © u{l) ^ C„, 
, (1,1,0,...,0) for An-i®u{l)^ Dn, 

while the others can he obtained from the following relations: 

{ [for An-i®u{l) ^ Bn 
^2" = ( pi + A;, 1,1,...,1 ,0,...,0), 1=1 \ /or A„_i ©m(1) ^ Cn , 
^ ' [ 2 for An-l © u{l) ^ Dn 

Cm — ^2^+1 — + {Ci)shift', 

where for every = (gi, 52, • • • , Q"™) the shifted weight {ii)shift is defined with the coordinates 

{ii)shift = (0, gi, g2, ■ ■ ■ , ?n-i)- 
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Note that in the framework of rules described in Lemma 1 and Lemma 2 the sets S are 
totally defined by the first weight ^i. 

Now let us accumulate the information about S's for the described types of injections in 
the following tables. 
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9^9 


The set 'E{g <Z g) in terms of 


sign 7(0 


highest weights ^ 


Dynkin indices of 


A„_i©m(1) 


(0,0,. ..,0) 
(1,0,. ..,0,-1) 
(1,1,0,. ..,0,-2) 

(l,l,...,l,-n) 


([0,0,...,0],0) 
([1,0,...,0],1) 
([0,1,...,0],2) 

([0,0,...,0],n) 


+ 


An-l®u{l) 

Bji 


(0,0,. ..,0) 
(1,0,. ..,0) 
(2,1,0,...,0) 
(2,2,0,...,0) 
(3,1,1,0,...,0) 
(3,2, 1,0,. ..,0) 
(3,3, 2,0,. ..,0) 
(3,3, 3,0,. ..,0) 

(n, n, . . . , n, n — 1) 
(n, n, . . . , n) 


([0,0,...,0],0) 
([1,0,...,0],1) 
([1,1,0,...,0],3) 
([0,2,0,...,0],4) 
([2,0,1,0,...,0],5) 
([1,1,1,0,...,0],6) 
([0,1,2,0,...,0],8) 
([0,0,3,0,...,0],9) 

([0,0,...,0,l],n2-l) 
([0,0,...,0],n2) 


+ 

+ 
+ 

1 

(_l)l/2(n2+n) 
(_l)l/2(n2+n+2) 


~^ Cn 


(0,0,. ..,0) 
(2,0,. ..,0) 
(3,1,0,...,0) 
(3,3,0,...,0) 
(4, 1,1,0,..., 0) 
(4,3, 1,0,. ..,0) 
(4,4,2,0,. ..,0) 
(4, 4,4,0,. ..,0) 

(n + 1, . . . ,n + l,n - 1) 
(n + l,...,n + l) 


([0,0,...,0],0) 
([2,0,...,0],2) 
([2,1,0,...,0],4) 
([0,3,0,...,0],6) 
([3,0,1,0,...,0],6) 
([1,2,1,0,...,0],8) 
([0,2,2,0,...,0],10) 
([0,0,4,0,...,0],12) 

([0,0,...,2],n2 + n-2) 
([0,0,...,0],n2 + n) 


+ 

+ 
+ 

1 

(_l)l/2(«^+n) 
(^_l)V2(n2+n+2) 


A„_i©m(1) 


(0,0,. ..,0) 
(1,1,0,...,0) 
(2,1,1,0,...,0) 
(2,2, 2,0,. ..,0) 
(3,1,1,1,0,...,0) 
(3,2,2,1,0,...,0) 
(3,3,2,2,0,. ..,0) 
(3,3,3,3,0,. ..,0) 

(n — l,...,n — 1, n — 2,n — 2) 
(n- l,...,n- 1) 


([0,0,...,0],0) 
([0,1,0,...,0],2) 
([1,0,1,0,...,0],4) 
([0,0,2,0,...,0],6) 

([2,0,0,1,0,...,0],6) 
([1,0,1,1,0,...,0],8) 
([0,1,0,2,0,...,0],10) 
([0,0,0,3,0,...,0],12) 

([0,...,0,l,0],n2-n-2) 
([0,...,0],n2-n) 


+ 

+ 
+ 

_|_ 

(_l)l/2(n2-n) 
(_l)V2(n^-n+2) 



Table 1 
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9 - 




The set E(/; C /;) in terms of 


sign 7(0 






highest weights ^ 


Dynkin indices of 










(0,0, ...,0) 


([0,0, ...,01,0) 










(1,1,0, ...,0) 


(fl,0, ...,01,1) 




+ 






(2, 1,1,0, ...,0) 


([0,1,0,..., 01, 2) 

VL * 7 7 7 J 1 J 










(3, 1,1, 1,0,. ..,0) 


([0,0,1,0,...,0],3) 




+ 


-Dn-1 t 




(n - 2, L h . . . , hO) 


([0,0,...,l,Ol.n- 2) 

VL** * 7J' / 


(- 

V 


1)"-1 






(n- 1,1,1,..., 1) 

\ 7 7 7 7 / 


(fO, ...,0,2l,n- 1) 

\L* 77 J7 / 


( 

V 


_l)n 






(n. 1. 1 1) 


([0,...,0,2l,n) 


(- 

V 








(n+ 1,1, 1,...,1,0) 

V ' 7 7 7 7 7/ 


(fO, ...,l,Ol,n+l) 

VL' ''J' / 


(- 


1\n+2 






(2n-2, 1,0,...,0) 

V 111 1 / 


([l,0,...,0l,2n- 2) 

VL'' 'J' / 










(2n-l,0, ...,0) 

V 7 7 7 / 


([0,0, ...,0l,2n- 1) 

VL'' 'J' / 




+ 






(0,0, ... ,0) 

\^7 ^7 7 ^ J 


([0,0, ... ,01,0) 










(1,1,0, ...,0) 

\ 7 7^7 7^/ 


([1,0, 01,1) 

VL 7 7 7 ^J7 / 




+ 






(2,1,1,0,...,0) 


([0,1,0,...,0],2) 










(3, 1,1, 1,0,. ..,0) 


([0,0,1,0,...,0],3) 




+ 




j U\l) 














(n- 1,1,...,1) 


(fO, ... ,0, 11, n - 1) 

VL ' 7 ^7 J7 J 


( 


_l)n 






(n + l,l,...,l) 

\ '7 7 7 / 


([0,...,0,l],n+l) 

\ L 7 7 7 J 7 ' J 


(- 


■1)"+1 






(n + 2,1,..., 1,0) 


(fO, ...,0,1,01,71 + 2) 

\L7 777J7 ' / 


(- 


.-j\n+2 






(2n-l,l,0,...,0) 


([l,0,...,0],2n-l) 










(2n,0,...,0) 

V 7 7 7 / 


([0,...,0l,2n) 

\ L * * J * / 




+ 






(0,0, ...,0) 

\ 7 7 ' / 


([0,0,..., 01,0) 

V L ' ' ' J * / 










(1.1.0, ...,0) 


([1,0, ... ,01, 1) 

vL' ' ' J' / 




+ 






(2, 1,1,0, ...,0) 

\777^77^/ 


([0, 1,0, . . . ,01,2) 

VL ' ' ' 7 7 / 






Dn-l ( 


Dm(1) 


(n-3,1,.. .,1,0,0) 


([0,... ,0,1,0,0], n-3) 


(- 


■l)"-2 






(n-2,l,...,l,0) 


([0,...,0,l,l],n-2) 


(- 


1)"-1 






(n - 1, 1, . . . , 1, -1) 

yi <j -^7 7 7 7 / 


([0, ...,0,2,0], n- 1) 

VL''''J' / 


( 

V 


-1)" 






(n- 1,1,..., 1,1) 

\ ■ ■ 7 7/ 


([0, ...,0,2],n-l) 


( 








(n,l,...,l,0) 


([0,...,0,l,l],n) 


(- 








(n + 1,1,..., 1,0,0) 


([0,...,l,0,0],n+l) 


(- 








(2n-3,l,0,...,0) 


([l,0,...,0],2n-3) 




+ 






(2n-2,0,...,0) 


([0,...,0],2n-2) 







Table 2 
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To conclude the general exposition of the recursion properties of we show the inter- 
dependence of the two recursion formulas ( |T5| ) and (pT^). 

Lemma 3 The recursion relation ^T^ ) can be factorized with respect to the subgroup V of 
W so that the summation over the factorspace W \V is replaced by the summation over T. 



Proof. Use the formula ([T8|) to write down the recursion relation for expression 
J2vev ^i'^)^u+(i-v)p a whole and extract the first term corresponding to f = e: 



wew,vev 

= E e(^) sign(7)n^+(i_^)~+^ + 
y,ru{o} 

+ E <^)<^)KHi~v)p,^ix+p)^p- (24) 

weW,veV 

Comparing this expression with ([T^) we see that introducing F one provides the factorization 
in the first term of the relation ([15|) . Thus the relation (|18D can be called the factorized 
recursion formula for anomalous relative multiplicities. 



2.3 



Both formulas ([15D and (|T8D provide the effective tools to treat the branching rules decom- 
positions for maximal regular injections. One can easily estimate the relative capacities of 
these relations for different pairs of g and g. The result is that there are five families of 
injections mostly favourable for the relation (|^): © u{l) An, Bn-i © u{l) Bn, 

Cn-i ©m(1) — > Cn, Dn-i ©«(!) Dn, A„_i ©«(!) Bn- FoT thcsc fivc types the efficiency 
of the formula (p!8D increases with growth of n in comparison with that of (|15]). For the first 
four types the ordinary decomposition methods are suitable (Gelfand- Zeitlin procedure 
for example). So we shall concentrate our attention on the last family: An-i © m(1) Bn- 
To show the application of the factorized formula ( |l8l) in details we shall start with the 



quite simple example. Consider the injection Ai © u{l) B2- Fix the basic roots of B2 

S{B2) = {«! = ei - 62, a2 = 62} 

and the fundamental weights 

{pi = ei,P2 = ^(ei + 62)}. 
According to table 1 we have four highest weights in the set © «(!) — > i?2): 

E{Ai © u{l) ^ B2) = {(0, 0), (1, 0), (2, 1), (2, 2)} 
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Thus the set T{Ai © u{l) B2) contains the weight diagrams of Ai © 'u(l)-representations 
= ([1], 1), = ([1], 3), = ([0], 4). ( The M(l)-generator is normahzed to have integer 
eigenvalues.) 

r = ( U $ \ {0} = {7^^^^""^} = {(1, 0)(+), (0, (2, (1, 2)(-), (2, 2)(+)}. 

To simphfy the following steps it is convenient to perform further splitting of the diagram of 
anomalous weights for subrepresentations L^^. This splitting is not unique, one can choose 
an arbitrary vector e E C and the projections a{K) are obtained as the scalar products 

((k — A), —e) = a{n) 

for every n from to the weight lattice Pg. The weight k, is said to belong to the level a{n). 
The ordering for the components in \E''*' thus induced guarantees an inambiguous level by 
level application of the recursion formula (0). If A\ A contains no positive roots orthogonal 
to the boundary of C, the auxiliary vector e may be placed in the closure of C as well. 

Consider the irreducible representation L'*' of B2 with the highest weight A = (5/2, 1/2). 
The corresponding anomalous weight diagram \E'^ contains 8 vectors: 

^(5/2,1/2) ^ i^e(u^)} = 

{(5/2, 1/2)W, (-1/2, 7/2)(-), (5/2, -3/2)(-), (-5/2, 7/2)^, (-1/2, -9/2)^, 
(-11/2, l/2)(-), (-5/2, -9/2)(-), (-11/2, -3/2)(+)}. 

This is the case when splitting can be simplified. One can choose e = [1,1) E C so that (k, e) 
becomes proportional to the eigenvalues of 'u(l)-generator in L''* representation. Applying 
the factorized formula to obtain the decomposition of we are interested in k's within the 
Weyl chamber C. Thus for our example only the weights with nonnegative projection on 
«! = (1,-1) may have positive multiplisities n^. On the zeroth level the result is trivial 

^(5/2,1/2) = ^^(5/2,1/2) = 1, 
^(-1/2,7/2) = -1- 

On the next level (called the first) one finds two points in C, (5/2,-1/2) and (3/2,1/2), 
where the formula (|18D gives nonzero values for fT^. 

n(5/2-l/2) = 1, ^(3/2,1/2) = 1- 

Similarly on the following two levels one finds 

^(1/2,1/2) = 1, ^(3/2,-1/2) = 2 
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and 

"■(1/2,-1/2) = 2, ^^(3/2 -3/2) = 1- 

Due to the (reflection) symmetry of the weight diagram these four levels give the sufficient 
information to write down the final result: 

[2, l]MieM(i) = 

([2], 3) © ([1], 2) © ([3], 2) © 2([2], 1) © ([0], 1) © 2([1], 0) © ([3], 0) 
©2([2], -1) © ([0], -1) © ([3], -2) © ([1], -2) © ([2], 3). 

Here the numbers in the square brackets are the Dynkin indices and the last term in the 
parenthesis is the eigenvalue of M(l)-generator. Note that performing this reduction we 
need not take into account the anomalous weights outside of the dominant chamber C. 
Such additional decomposition of recurrence property takes place only when the vectors of 
the form {7 + ^ | ^ G C, 7 G F} do not reach the domain of anomalous weights of g in 

In [0 an attempt was made to achieve the additional decomposition of recurrence property 
in the situation when the previous condition fails. The injection A3 ©m(1) was studied 

and the recurrence relation connecting only relative multiplicities was obtained. It is slightly 
different from that described by the formula (p!8|). But one faces great difficulties trying to 
obtain such algorithm for other pairs of algebras. 

In the appendix we bring the more complicated example considering on the injection 
^3 © — > S4. This demonstrates the efficiency of the decomposition algorithm based on 
the factorized recurrence formula (|1^). The whole computation is relatively simple and can 
be easily computerized. The nonmaximal regular injections and special injections can be 
treated similarly. The detailed study of recurrence relations in these cases will be presented 
in the forthcoming publication. 
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Appendix. 

The Injection As w(l) ^ B4. 

The positive root systems for this maximal regular injection in the standard e-basis can 
be written as follows: 



i,j,k^ 1,...,4; j <k 

According to Lemma 2 the set S contains 16 irreducible representations of A3 © u{l) enu- 
merated by their highest weights (i = 0, . . . , 15) : 



E{As © u{l) ^ S4) = 

{(0, 0, 0, 0); (1, 0, 0, 0); (2, 1, 0, 0); (2, 2, 0, 0); (3, 1, 1, 0); 

(3, 2, 1, 0); (3, 3, 2, 0); (3, 3, 3, 0); (4, 1,1,1); (4, 2, 1, 1); 
(4, 3, 2, 1); (4, 3, 3, 1); (4, 4, 2, 2); (4, 4, 3, 2); (4, 4, 4, 3); 
(4,4,4,4)}. 



In the "fan" r{A3 © u{l) — > S4) the weights 7 for each bear the same sign, thus the 
signs can be attributed to the representations : 

{L^-sign(7)},=i,...,i5 = 



{(([1, 0, 0], 1); (+)), (([1, 1, 0], 3); (-)), (([0, 2, 0], 4); (+)), (([2, 0, 1], 5); (+)), 
(([1, 1, 1], 6); (-)), (([3, 0, 0], 7); (-)), (([0, 1, 2], 8); (+)), (([2, 1, 0], 8); (+)), 
(([0, 0, 3], 9); (-)), (([1, 1, 1], 10); (-)), (([1, 0, 2], 11); (+)), (([0, 2, 0], 12); (+)), 
(([0, 1, 1], 13); (-)), (([0, 0, 1], 15); (+)), (([0, 0, 0], 16); (-))}. 



The nontrivial multiplicities of 7 e F must also be taken into account. To obtain the sphtting 
one can chose the vector e — (1, 1, 1, 1). We write down exphcitly only those weights 7 that 
describe the first and the second levels of decomposition: 



{(1, 0, 0, o)«, (0, 1, 0, o)W, (0, 0, 1, o)W, (0, 0, 0, i)W, (2, 1, 0, o)(-), 

(2, 0, 1, 0)(-), (2, 0, 0, 1)(-), (1, 0, 0, 2)W, (0, 1, 0, 2)(-), (0, 0, 1, 2)(-), 

(1, 2, 0, 0)(-), (0, 2, 1, 0)(-), (0, 2, 0, 1)(-), (1, 0, 2, 0)(-), (0, 1, 2, 0)(-), 

(0, 0, 2, l)(-\ 2(1, 1, 1, 0)(-), 2(1, 1, 0, 1)(-), 2(1, 0, 1, 1)(-), 2(0, 1, 1, 1)(-), . . . 

...,(4,4,4,4)(-)}. 



A(A3) 

A\ A 



r(yl3©«(l) ^54) 




13 



Consider for example the irrep L^{Bi) with A = (2,2,1,0); dim = ( 1650 ). It has 11 
levels. Due to the reflection symmetry ((fci, ^2, ks, ^ (— A^i, —k2, —k^, —k^)) of the weight 
diagram it is sufficient to study only 6 of them. 

Contrary to the previous case the recurrence procedure cannot be performed separately 
for the relative multiplicities n^, that is for with k G C. Nevertheless the calculations 
involving the anomalous weights (in other Weyl chambers) can be simplified considerably 
thanks to the following two considerations: 

• In the level by level recursive procedure after the evaluation of n in C the anomalous 
relative weights in other points can be obtained using the Weyl group V. 

• Using the exterior contour of F one can easily fix the domain of the weight space that 
can contribute to the relative multiplicities and pay no attention to the weights out 
of this domain. 

For the injection A3 © ■u(l) — > B4 only the anomalous weights with nonnegative first coor- 
dinate must be taken into account to obtain n & C . Thus for every obtained highest weight 
H one must find only twelve anomalous points of \I''^ to be able to proceed the recursion on 
the next level. On the zeroth level besides the highest weight 

^^(2,2, 1,0) = ^(2,2,1,0) = 1 

one must also calculate (using the Weyl group V) the anomalous relative multiplicities: 

^(2,2,-1,2) = —1, ^(2,0,3,0) = — 15 ^(2,0,-1,4) = 1, ^(2,-2,3,2) = 1, 

^(2,-2,1,4) = -1, ^(1,3,1,0) = -1, ^(1,3,-1,2) = 1, ^(1,0,4,0) = 1, 
^(1,0,-1,5) = ^(1,-2,4,2) = " I5 ^(1,-2,1,5) = 1- 



After this the formula (ITSD can be directly applied to obtain the anomalous relative multi- 



plicities of the first level and among them - 

^^-(2,2,0,0) = 1) ^^(2,1,1,0) = 1, 

The 24 anomalous points of these two representations fix the decomposition on the second 
level: 

"-(2,1,0,0) = 2, n(i_i^i_o) = I5 "(2,1,1,-1) = 1, "(2,2,0,-1) = 1, 

and so on. For example, on the third level for the weight (1, 1, 0, 0) the formula ( [T8| ) leads 
to the following relation: 

"(1,1,0,0) = "(1,1,0,0) = "(1,1,1,0) + "(2,1,0,0) — 2?2(2,2,1,0) " "(1,3,1,0) = 2. 
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The final result is 



[0, 1, l,0]lA-sS)u{l) = 

([0, 1, 1], 5) © ([0, 2, 0], 4) © ([1, 0, 1], 4) © 2([1, 1, 0], 3) 
®([0, 0, 1], 3) © ([1, 0, 2], 3) © ([0, 2, 1], 3) © ([2, 0, 0], 2) 
©2([0, 1, 0], 2) © ([0, 0, 2], 2) © 2([1, 1, 1], 2) © 2([1, 0, 0], 1) 
©2([2, 0, 1], 1) © 3([0, 1, 1], 1) © ([1, 1, 2], 1) © ([1, 2, 0], 1) 
©([0, 0, 0], 0) © 3([1, 0, 1], 0) © 2([0, 2, 0], 0) © ([2, 0, 2], 0) 
©([2, 1, 0], 0) © ([0, 1, 2], 0) © 2([1, 0, 2], -1) © 2([0, 0, 1], -1) 
©2([1, 1, 1], -2) © ([2, 0, 0], -2) © 2([0, 1, 0], -2) © ([0, 0, 2], -2) 
©([1, 2, 0], -3) © ([2, 0, 1], -3) © ([1, 0, 0], -3) © 2([0, 1, 1], -3) 
©([1, 0, 1], -4) © ([0, 2, 0], -4) © ([1, 1, 0], -5). 
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